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1. Tangent bundles and curvature 
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The tangent bundle of the sphere 
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Parallel transport of vectors on S2  
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• Comparison of different tangent spaces 

by parallel transport along a path 

 

• Levi Civita connection 
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Covariant derivative 

t t0 s(t) 

 

• Covariant derivative: 
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Curvature of S2  

 

 

 

 

 

• Curvature: transport along closed path rotates vector 

(holonomy) 

 

• Rotation angle:  

 

 

 

 

 

 

 

 

• Curvature tensor two-dimensional manifold: 
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Principal bundle  

 

 

 

 

 

• For description of parallel transport and curvature: 

attach rotation group SO(2) at each point, yields 

principal bundle (S2,SO(2))=(S2,S1) 

 

• Change of origin (unit operation): gauge 

transformation 
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2. Fiber bundles 
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Fiber bundles 

 

• Consist of a basic differential manifold M 

 

• At each point attached: fiber Fp which is either copy of a vector 

space (“vector bundle”) or of a (gauge) group (“principle 

bundle”) 

 

• Prescriptions for glueing the fibers together e.g. Moebius strip 

(S1,R) 

M=S1 

Fp=R 
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Fiber bundles 

 

• Prescription for parallel transport : covariant derivative and 

curvature 

 

 

 

 

 

 

 

 
• Topological quantum numbers, e.g. for 2d tangent bundles:           

Euler characteristic: 
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3. Topological quantum numbers 
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Euler characteristic 
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Euler characteristic 

edges # vertices # faces #E
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4. Applications of fiber bundles 
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Fiber bundle in cosmology 

spacetime M  , 3,1SO,M or TM 444
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Fiber bundle in electrodynamics 

Classical relativistic physics:  
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Topology: 
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Magnetic monopole of strength γ 
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5. Topological quantum states 
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The Berry phase 

1U M, bundle principle is system ,e factor phase a to up determined is m   
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The Berry phase 
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The Quantum Hall Effect (von Klitzing 1980) 
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The Quantum Hall Effect 
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6. Basics for general topological classification 
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Search for topological insulators 
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Topological classification of insulators 1 
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Topological classification of insulators 2 
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The spin quantum Hall effect 
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7. Summary 
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Summary 

• Up to 1980: Quantum numbers based on symmetry 

 

• Easy to break, lift of degeneracies 

 

• Since 1980: Topological quantum numbers 

 

• New states of quantum matter 

 

• Robust 
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The End 


